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Abstract: An exploration of stellarator configuration space z for quasi-axisymmetric stellarator (QAS) designs is
discussed, using methods which provide a more global view of that space. To this end, we have implemented a
“differential evolution” (DE) search algorithm in an existing stellarator optimizer, which is much less prone to
become trapped in local, suboptimal minima of the cost function % than the local search methods used previously.
This search algorithm is complemented by mapping studies of  over z aimed at gaining insight into the results of
the automated searches. We find that a wide range of the attractive QAS configurations found previously fall into a
small number of classes, with each class corresponding to a basin of ( z). We develop maps on which these earlier
stellarators can be placed, the relations among them seen, and understanding gained into the physics differences
between them. It is also found that, while still large, the region of z space containing practically realizable QAS
configurations is much smaller than earlier supposed.

Introduction

The search for attractive stellarator designs has been greatly enhanced by the
development of optimization codes which search configuration space z using a
specified cost function y(z). Such codes have been used extensively in the design of
W7-X,[1] HSX,[2] and more recently, for designing the proposed quasi-
axisymmetric stellarator (QAS) NCSX.[3] Here, we discuss an exploration of z space
for QASs using methods which provide a more global view of that space than earlier
“local' search methods, such as the Levenberg-Marquardt (LM) method[4] used in the
present NCSX optimizer Stellopt. To this end, we have implemented a "differential
evolution" (DE) search algorithm[5] into Stellopt, yielding an optimizer "Stellopt-
DE" which is much less prone to become trapped in local, suboptimal minima of y(z)
than those using local methods. This search algorithm is complemented by mapping
studies of x over z aimed at gaining insight into the results of the automated searches.
A fuller discussion of the studies described here is given in [6].

The DE algorithm is similar to genetic algorithms,[7] but suited to exploration of a
continuous space. Unlike local methods, these do not require taking derivatives, but
evolve a sequence of generations g=0,...gmax, €ach generation comprised of an
ensemble of N, system points z'(g) distributed over z space, and with a simple rule
for obtaining the (g+1)™ generation from the g™ Because the evolution is of a cloud
of system points, rather than of a single point along one trajectory, the evolution of
the DE population can provide a less myopic map of the z space topography
compared with that from traditional local algorithms.

Obtaining such a map of z space is important, both for understanding, and for
finding optimal designs. Up to now, the LM optimizer (Stellopt-LM) has obtained
promising QAS configurations after a complicated sequence of optimizer runs and
human adjustments, and there has been little knowledge of how many different types
of good QAS designs there may be and what their distinguishing features are. By
mapping , over z space, we find that a wide range of the attractive QAS
configurations previously studied falls into a small number of classes, with each class
corresponding to a ‘basin' of j. The maps also indicate that, while the full z space is



in principal enormous, the region of that space containing configurations which are
practically realizable is much smaller than one might have supposed (though still
large).

Stellopt-DE Applications

The cost function % (z) is given in Stellopt by X2 =3 Xi2 =2 Wiz 7 iz, where the w; are
the weights of the various contributions 7 i*to x> Equilibria are computed with
VMEQC, and then additional codes are called to compute the different 7, including

Terpsichore for the kink component x”, and COBRA for the ballooning component
x32 . Confinement quality is gauged by the quasisymmetry measure

A Bmn=< Z_m,nioanz/Boo2>s, where the B, are the Fourier amplitudes of magnetic
field strength B.

To illustrate the features of a DE search, we show a DE study paralleling a series of
LM studies done[8] to investigate the operational flexibility of the reference NCSX
configuration L1383, using the "M1017" set of modular coils. This calculation thus
uses VMEC in free-boundary mode, and z space has dimension D=11. For j=1-9,
zi=]; are the currents in the 4 distinct types of modular coils, in the 1 set of auxiliary
TF coils, and 4 equivalent currents for the multipole fields used to represent the PF
contribution to B. Following the heuristic rules as in [5] we take the number N, of
members in a generation = 7 x D =80.
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In Fig.1(a-c) are shown projections of the DE population onto 2 particular z;, j=6 and
8, (a) for generation g=0, (b) for the superposition of generations g=0-49, and (c) for
g=49. The choice of z; used for plotting is arbitrary, and the appearance is similar for



other pairs. The initialization randomly selects z; values between 0.8 and 1.2 times
those for LI383, producing the rectangular filled region in Fig.1a. Between g=0 and
g=49, the ensemble spreads as the algorithm searches z space, as seen in Fig.1b. This
is followed by a dimensional contraction to the nearly 1-D form shown in Fig.1c.
Finally, in Fig.1d is shown the cost function value x(z) versus z_6 for g=49, with the
boundary line showing the locus of the cloud of values which would appear for the
same superposition of generations as in Fig.1b. One sees that the DE evolution thus
far has produced a range of configurations, all having cost % comparable to the single
value found by the Stellopt-LM runs, and with best value y,=6.41, slightly better than
the best y1m=6.43 produced by the LM searches.

From the numerous searches with Stellopt-LM carried out by the NCSX team, a
number of different fixed- boundary QA configurations with promising
characteristics have been identified. One would like to know how these (and other)
configurations are related to each other, how different they are from each other, and
whether there might be other QA configurations in z space, as yet undiscovered,
which are comparably or perhaps more attractive than those already found. In
addition to the current NCSX reference configuration LI383,[8] here we shall also
make use of 4 additional QAS configurations, all having Ng,=3 field periods and
fairly low aspect ratio: PG2, a QAS developed by P. Garabedian to achieve good
stability through a deep magnetic well, C82, an earlier reference configuration
constrained to fit inside the PBX vacuum vessel, 1175, a configuration obtained
starting from LI383 with a greater target value of edge transform [1,(I175) = .75 at
B=4%, versus 1,(LI383)~= .65], and A4k2, a configuration obtained starting from C82
but with enhanced elongation, which improves kink stability.

For brevity, we refer to the resultant stellarators as configurations 1a-5a, in the order
just given. These were developed targetting different objectives, and thus are local
optima for differing sets of weights {wi}. To compare them, we choose a single set
{wi}, and reoptimize using Stellopt-LM, resulting in configurations 1c-5¢, which
resemble 1a-5a, and lie near them in z space. This convergence of Stellopt-LM to 5
distinct minima when started from 5 different locations in z illustrates the tendency of
local methods mentioned in the Introduction to become trapped in local, suboptimal
minima.

As a second DE application, we now take the D=5 subspace spanned by these 5
‘seed' configurations z'°°, and allow Stellopt-DE to search this space. The selection
of the space makes use of knowledge found using the LM optimizer, but the search
within this space is unbiased, i.e., the DE optimizer has no information on where
these optima lie. From a best cost value y,(g=0)=42.1 at generation g=0, Y, falls to
3.53 by g=16, and thereafter remains quite flat, reaching 3.47 by g=52, about 94%
and 59%, respectively of y(LI383 ¢)=3.66 and x(A4k2 c)=5.84, the lowest 2 of the 5
seed values. The configuration with the lowest x for g=52 just mentioned lies only
1.0 cm from LI383 c and 1.9 cm from the related 1175 c (the 2 lowest-y c-
configurations), versus 17.1 cm from A4k2 c, where we introduce the simple norm
lz] = (X ij) Y2 Thus, without information on the locus of the LM optima, the DE
method modestly improves on the 5 local minima found previously by LM plus
human interaction.



Taxonomy and Mapping Studies

Configurations 1c¢ and 4c lie quite near each other (unsurprising because
configuration 4a derives from 1a), and these and 2c have a bullet-like shape with
positive triangularity at {=n, while the remaining 2 seeds, 3¢ and 5S¢ also lie near each
other (again unsurprising because 5a derives from 3a), and have negative
triangularity and are indented around 6=0. (See Fig.2.) Thus, the {=n cross section
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Figure 2

shapes suggest a division into 2 classes of configurations. A refinement of this simple
picture is suggested by the 1 profiles for these 5 stellarators: as opposed to the larger
value 1, (s=0) = .4 of 1c and 4c, 2¢ instead has the smaller value 0.2 of 3¢ and 5c. An
overall taxonomy suggested by these two characteristics is thus 1c¢ and 4c in class A,
2¢ in hybrid class B, and 3¢ and 5c in class C.

Selecting one member of each of the related pairs results in 3 seed vectors
representing each of these classes. Selecting 1c¢ and 3c, we thus plot x over the 2-D
space spanned by
Z:ZIC+ al(ch _ Zlc)+a2(z3c _Zlc
for all values of coefficients a; 5.
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Accordingly, in Fig.3 is shown a contour plot of y over the (z10,220) plane. The choice
of zyo and zy is again arbitrary, and does not affect our conclusions. Choosing z*°
instead of z*° as a basis vector also leaves the picture qualitatively the same. One
observes a central ‘ridge' running roughly vertically, with peak values around y =
300. Configurations 1c and 2c lie in a triangle-shaped valley to the left of this ridge
(x in the range 0-50), and 3c lies in a second valley to its right. No values are given
outside the curve bounding all the contours shown, because VMEC or sometimes
TERPSICHORE fails to converge there. The configurations in this region are too
exotic (and thus probably less realizable) for these codes to operate successfully.
Thus, while Stellopt-LM has been searching an in-principle unbounded z space, that
space is bounded, and far smaller than one might have supposed, if one regards
failure of VMEC or TERPSICHORE as a good indicator that the configuration is
impractical. Moreover, across the limited range of practical configurations, one notes
that ¥ manifests only a few maxima and minima. This 2-D picture provides an
explanation for the small number of attractive QAS classes which previous search has
uncovered, included in the taxonomy just discussed.

Some insight into the physical origin of the topography of ¥ may be seen from the
breakdown into its component parts. One finds that k is by far the dominant factor,
and thus that the central ridge is due to increased kink instability as configurations
pass from the positive to negative triangularity form, with gm, having a significant
role only in the flat triangular valley of near kink stability.



Discussion

As expected, we have found that Stellopt-DE is much less inclined to become trapped
in local suboptimal minima than Stellopt-LM. A single run takes appreciably longer
(typically a factor of 7-10) that a single LM-run. However, the LM optimizer typically
must be run several times, with human adjustment between runs, in order to arrive at a
good optimum. For the applications studied thus far, Stellopt-DE has found
configurations improving modestly on those developed by the Stellopt-LM searches.
We regard this as providing additional confidence that the LM+human approach the
NCSX team has used to date to find good QAS configurations is working.

By examining a subspace which contains a range of quite different

candidate configurations found earlier, we find a taxonomy of a small

number of QAS classes into which the optimization runs fall, and

a map on which this taxonomy and all the configurations examined

can be placed, and the relationship among them viewed. We find 3

principal QAS classes, designated A, B and C, lying on the 2

sides of a ridge in %, which is produced by enhanced kink instability as the
configurations deform from the positive triangularity at {=n of classes A and B to the
outward-indented, negative triangularity of class C. Class A is typified by LI383, the
current NCSX reference design, class B by PG2, a design developed by Garabedian,
and class C by A4k2 or C82, an earlier reference design.

This map indicates that the extent in components z; over which one finds realizable
configurations is not very large, when measured by the typical scale length L; for  to
go from a maximum to a minimum. This implies that the number of different QAS
classes, as defined by the number of principal basins of )y over the realizable region of
Z space, is also not large, consistent with the small number (3) of main classes found
in the present study. While further study is needed to solidify this picture, it is
consistent with the accumulated record of searches thus far for attractive QA
stellarators, and offers the possibility of a large reduction in the uncertainty and
complexity of our understanding of stellarator configuration space.
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