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Abstract: We employ the analytical solutions for the spatial trans-
formation of the electromagnetic fields to obtain and analyze explicit
expressions for the structure of the electromagnetic fields in invisibility
cloaks. Similar approach can be also used for analyzing beam splitters and
field concentrators. We study the efficiency of nonideal electromagnetic
cloaks and discuss the effect of scattering losses on the cloak invisibility.

© 2008 Optical Society of America

OCI S codes: (160.3918) Materials : Metamaterials; (260.2110) Physica optics : Electromag-
netic optics

References and links

1.
2.
3.

10.

11.

12.

13.

14.

15.

16.
17.

18.

J. B. Pendry, D. Schurig, and D. R. Smith, “Controlling electromagnetic fields,” Science 312, 1780-1782, (2006).
U. Leonhardt, “Optical Conformal Mapping,” Science 312, 1777-1780 (2006).

D. Schurig, J. J. Mock, B. J. Justice, S. A. Cummer, J. B. Pendry, A. F. Starr, and D. R. Smith, “Metamaterial

electromagnetic cloak at microwave frequencies,” Science 314, 977-980 (2006).

M. Yan, Z. Ruan, and M. Qiu, “Cylindrical invisibility cloak with simplified material parameters is inherently
visible” Phys. Rev. Lett. 99, 233901 (2007).

Z. Ruan, M. Yan, C. W. Neff, and M. Qiu, “Ideal cylindrical cloak: Perfect but sensitive to tiny perturbations,”
Phys. Rev. Lett. 99, 113903 (2007).

A. Greenleaf, Y. Kurylev, M. Lassas, and G. Uhlmann, “Improvement of cylindrical cloaking with the SHS
lining,” Opt. Express 15, 12717-12734 (2007).

H. Chen, B.l. Wu, B. Zhang, and J. A. Kong, “Electromagnetic wave interactions with a metamaterial cloak,”
Phys. Rev. Lett. 99, 063903 (2007).

S. A. Cummer, B. |. Popa, D. Schurig, D. R. Smith, and J. Pendry, “Full-wave simulations of electromagnetic
cloaking structures,” Phys. Rev. E 74, 036621 (2006).

F. Zolla, S. Guenneau, A. Nicolet, and J. B. Pendry, “Electromagnetic analysis of cylindrical invisibility cloaks
and the mirage effect,” Opt. Lett. 32, 1069-1071 (2007).

W. Cai, U. K. Chettiar, A. V.Kildishev, V. M. Shalaev, and G. W. Milton, “Nonmagnetic cloak with minimized
scattering,” Appl. Phys. Lett. 91, 111105 (2007).

M. Rahm, D. Schurig, D. A. Roberts, S. A. Cummer, D. R. Smith, and J. B. Pendry, “Design of electromag-

netic cloaks and concentrators using form-invariant coordinate transformations of Maxwell’s equations,” Photon.
Nanostruct.: Fundam. Applic. 6, 87-95 (2008).

H. Chen, Z. Liang, P. Yao, X. Jiang, H. Ma, and C.T. Chan, “Extending the bandwidth of electromagnetic cloaks,
" Phys. Rev. B 76, 241104(R) (2007).

Y. Luo, H. Chen, J. Zhang, L. Ran, and J. A. Kong, “Design and analytical validation of the invisibility cloaks,
concentrators, and field rotators created with ageneral class of transformations’, Phys. Rev. B 77, 125127 (2008).
L. S. Dalin, “To the possibility of comparison of three-dimensional electromagnetic systems with nonuniform
anisotropic filling,” Radiophys. Quantum Electron. 4, 964-967 (1961).

A. J. Ward and J. B. Pendry, “Refraction and geometry in Maxwell’s equations,” J. Mod. Opt. 43, 773-793
(1996).

E. J. Post, Formal Structure of Electromagnetics (Wiley, New York, 1962).

The components E2 differ from zero only for the indices a # b # c; the index permutation changes the sign of
the totally antisymmetric symbol, and E'23 = 1.

D. Schurig, J. B. Pendry, and D. R. Smith, “Calculation of materia properties and ray tracing in transformation
media,” Opt. Express 14, 9794-9804 (2006).

#102908 - $15.00 USD Received 17 Oct 2008; revised 7 Dec 2008; accepted 8 Dec 2008; published 10 Dec 2008
(C) 2008 OSA 22 December 2008/ Val. 16, No. 26 / OPTICS EXPRESS 21369



Cloaking of objects was suggested by Pendry et al. [1, 2] as amethod to cover an object by a
composite material with varying characteristicsin such away that the scattering of electromag-
netic waves from this object vanishes, so that the el ectromagnetic field outside the cloak appears
as if the object and cloak are being absent. The required material for creating such invisibil-
ity cloaks should have rather complex spatially varying properties. Moreover, such materials
should possess both nontrivial dielectric and magnetic responses. Generally speaking, it isim-
possible to find in nature a diel ectric medium with the required properties, so that the first elec-
tromagnetic cloak realized experimentally employed microwave metamaterials [3]. Metama
terials are artificial micro-structured materials with electric and magnetic properties designed
by careful engineering of their constituents. The constituents of these composite materials are
normally sub-wavelength electric and magnetic resonators, with the specific properties deter-
mined by their geometry. The metamaterials can also be anisotropic, and thus they can satisfy,
in principle, al the requirementsfor realizing invisibility cloaks for electromagnetic waves.

The electromagnetic cloaking is based on the coordinate transformation of space and the
corresponding transformation of Maxwell’s equations, which provide the required expressions
for the effective spatially varying dielectric permittivity and magnetic permeability [1]. The
possibility of creating such cloaks has been confirmed experimentally [3], and it was further
discussed and demonstrated in many numerical studies [4, 5, 6, 7, 8, 9, 10, 11, 12]. Numer-
ical simulations are usually performed either by using commercial finite-element equation
solvers[1, 8, 9, 10, 11, 12] or by employing the decomposition of the electromagnetic fields
into a set of the corresponding eigenmodes|[4, 5, 6, 7, 13]. Severa studies have analyzed a pos-
sibility of creating simplified cloaks[8, 10, 12], since the required media parametersfor an ideal
cloaking are extremely complex for their realization in experiment. In particular, an optimiza-
tion of the cloaking parameters for suppressing scattering has been analyzed in Refs. [6, 10]. In
this context, we mention earlier studies [14, 15], where an analogy of the coordinate transfor-
mation to an effective magneto-diel ectric medium was discussed for some particular cases.

In this paper we use the explicit analytical expressions for calculating the structure of the
electromagnetic fields modified by spatially varying coordinate transformations. Based on our
results we evaluate the efficiency of nonideal cloaks and calculate their scattering properties.

We start by considering the propagation of monochromatic (i.e. ~ exp(iot)) electromagnetic
wave in empty space. In the following we use the component notations. Let X 5 is the orthonor-
mal basis corresponding to the Cartesian coordinates, theindices (a, b, c) run through the values
(1,2,3), and x® are the Cartesian coordinates corresponding to the orthonormal basis x 5. In a
medium with the dielectric permittivity £o, the electric displacement vector D can be expressed
in terms of the electric field as D? = ég‘bEb. The magnetic displacement vector B can be ex-
pressed as B2 = [i3°Hy, in amedium with magnetic permeability fio. We note that the repeated
upper and lower indices imply summation (Einstein convention).

Now we introduce new coordinates y through the transformationsy = y(x) with the metric
tensor g'! defined in a standard way,

2y Iy cap
1] 7 77
(X) - 8Xa 8Xb5 ’ (1)

where 62 is Kronecker's delta-function. The determinant g(x) = det||g'} (x)|| is of a particular
importance for the coordinate transformations. It is known that Maxwell’s equations are invari-
ant (preserve their formal structure) for any continuous coordinate transformation y = y(X) if
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dielectric and magnetic tensors are modified according to

1 oy ayn
In_ - Y9y 9y
Eeff = JGoxe 5,050 2
= L
o /G oxa b0
These expressionsare widely used inthe literature for el ectromagnetic cloaks and other devices.
Corresponding transformation formulas for the electric and magnetic fields are

3

~  OxP 0
En= WEb ; Bp= ay; En. (4)
LD W

These equations allow usto find analytically the field distribution for any cloak without solving
Maxwell’s equations in the transformed geometry, but only transforming the free-space fields.
As a straightforward application, these expressions allow for analytical calculation of the scat-
tering from non-ideal cloaks, and thus a potential optimization of their parameters.

We can use those results for calculating the field structure in both cylindrical and spherical
cloaks, field concentrators, and other devices designed via the transformation optics. As the
first example, we consider the linear coordinate transformation for the cylindrical cloak [18],
X=X(xY),Y =Y(XYy), Z=1z wheretheradiusis transformed asR = a+r(b— a) /b, where
R=vX24+Y2 r = \/x2+y2. The cloak occupies the space a < R < b, where a and b are
the inner and outer radii of the cloak, respectively. To find the field distribution in the cloak
illuminated by a plane electromagnetic wave, we write the plane wave in vacuum as Hy =
exp(ixyy), Hy = 0, E; = exp(ixyy). Applying now the transformations according to Egs. (5),
we find the field distribution in the electromagnetic cloak with the material parameters (2) and
(), EZ = exp(ix,Y)[b(b—a)~* (1—aR )], Hy = b(b—a)1(1—aY?R3)E;, Hy = abXY(b—

a)” 1R-3E,, for a < R < b. The field vanishes inside the cloaked area, whereas outside of the
cloak the field is an unperturbed plane wave. At the external surface of the cloak (at R=b), the
normal component of the magnetic field is discontinuous, since the linear space transformation
produces discontinuities of the cloak material parameters. Using the transformation function

r:b—a(g%l;z)ﬂ (6)

provides continuity of the field components at the external surface of the cloak for large 3.

As a matter of fact, Egs. (5) and (4) alow us to find the field structure for an arbitrary
continuous space transformation. Though for an arbitrary transformation one cannot find the
analytical expressionsfor the electromagnetic fields, simple numerical calculations provide the
required results without solving Maxwell’s equations.

Asan exampleof acloak of complex shape, we consider cut-type space transformationwhere
the cloak coversan arbitrary area‘cut’ from the space (see, e.g., Fig. 1). We define the internal
surface of the cloak as a set of all pointswhich are closer than b to the cut line Xyt (&), Yeur (§)-
For each point (X,Y) we find the corresponding closest point on the cut line (X 3y, Y9,) (X,Y)
by finding the minima of the function [(X — Xeut(€))? + (Y — Yau(£))?]Y/? for al possible £.
We define the distance from the *cut’ as R(X,Y) = [(X — X34)? + (Y — Y&;)?]*/? and create
the cloaking area a < R < b by transforming the space according to Eq. (6). In the area of
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Fig. 1. Structure of the magnetic field Hyx for (a) arbitrary-shaped cloak and (b) multiple
cloaks produced by the space transformation Eqg. (6) for a= 0.3, b= 0.6, and 3 = 2. The
cloak isilluminated by a plane wave, H? = exp(ixyy) for ki, = 5.4. Center of the cloak is
shown by red ling, in (&), and dots, in (b).

the cloak, a < R < b, we define the new coordinates (x,y) as x = X3; + (X — X%)(r/R) and
y = Y3+ (Y = Y2, (r/R), which provide mapping of (x,y) into (X,Y).

Figure 1(a) showsthe distribution of the x-component of the magneticfield for the plane wave
incident on the cloak. The cut is created through the graphic input in Matlab, where we specify
severa points (five points, in this example), which are connected by a smooth line through the
cubic spline function. Figure 1(b) shows the field distribution in the cloaking problem with
several cylindrical cloaks centered at the same five points.

We note that, despite the divergence of the dielectric and magnetic functions at the internal
interface of the cloak, the electric and magnetic fields remain finite. For example, the radial and
tangential components of the magnetic field can be found as

b |X] b |Y|(1 ;)

|HR| - (b—a) R’ |HT| - (b—a) R
We notethat |Hg| isfinite at theinternal interface of the cloak, while |H ;| vanisheswhen R— a.

From the uniqueness theorem of electromagnetism we can conclude that since the tangential
components of the electric or magnetic field at the closed surface vanish, thefield in the volume
surrounded by this surface vanishes as well; this meansthat we indeed have the volume (R < a)
conceal ed from the electromagnetic radiation.

Above we demonstrated that a cloak with the parameters defined by Egs. (2) and (3) provides
completeinvisibility of the objects hidden inside. Moreover, such a cloak worksfor an arbitrary
transformation function y = y(x), either smooth or piece-wise continuous [8]. However, this
kind of ideal cloaking seems to be impossible in practice, since it requires infinite values of
material parameters at the internal surface. The simplest way to overcome this difficulty is to
truncate the transformed area. For example, for the coordinate transformation with the internal
radius a we create the cloak only for R > a+ §a, and then place a perfectly conducting metal
surface at R = a+ da. Now, if we make an inverse transformation from the cloak to vacuum,
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Fig. 2. (ab) Scattering patterns for non-ideal cloak for TE and TM waves. Red lines (1)
indicate scattering from bare metallic cylinder, while blue line (2) corresponds to the scat-
tering from the cloaked cylinder with truncation level rop = 0.05b and o = 0. Black curves
(3) correspond to the scattering on the dielectric cloak with (a) o = 0.1 and (b) o = 0.02.

the metallic surface transformsinto a metallic cylinder with the radiusr ¢ where
ret ~ da(dR/dr|r—a) 21, 7

provided dR/dr|;—a # O, i.e. the simplified cloak scatters light as a metallic cylinder of the
radius r ¢, which can be much smaller than the size of the hidden region a.

One of the main limitations of the resonant medium used for creating el ectromagnetic cloaks
is losses. To estimate the effect of small losses on the cloak performance, we assume that
e=0=¢+ig" " <« &, whereas &’ isgiven by Eq. (2). We consider a plane wave incident on
such a cloak. After applying the inverse coordinate transformation, which transforms the elec-
tromagnetic fields into vacuum plane waves, we obtain in original space the excited effective
electric and magnetic currents dependent on vacuum electric and magnetic fields,

OV XX i
4t 9y oyl

These currents lead to the scattering radiation which can be easily evaluated either analytically
or numericaly.

Now, we can estimate the effect of mismatched dielectric permittivity and magnetic per-
meability on the cloak performance. We assume that € = [i + 6& = & + 6&, where & corre-
sponds to an ideal cloak and [ €| < |€y|. Then, we apply the inverse transformation x — y
and find that in the origina space the dielectric permittivity differs from the unity by the value
8&% = /g(9x2/dy") (9% /9y)5e'). If we assume that (& — [1) = &, namely Se'l = aey (for
o < 1), then §8% = 5. Thus, in this case the non-ideal cloak scatters the waves as an ob-
ject (cylinder of the radius rgs for the cylindrical cloak) with a scalar dielectric permittivity
l+a=1

Now we consider &'l = 81, for o < 1. This gives us arelatively simple result for § €2,

J&m = 0VEN(Hy), 0¥ =~

. X IxP
ab _
and also an expression for the electric current
P Iﬂ a—1lpv
Jeff & 0E E", (9)
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Fig. 3. Field distribution for TE waves for () ideal cloak; (b) for impedance mismatched
cloak with oo = 0.03, (c) for lossy cloak with oc =i x 0.03

which can be used for calculating the scattered fields. It is worth mentioning that in this case
the cloak is sensitive to small perturbations of the parameters. Indeed, the inverse dielectric
permittivity has a singularity at the inner surface of the cloak, so if the truncation value da is
small then the parameter o has to be very small as well so that it does not perturb the structure
of the plane wave. This result has been predicted earlier in Ref. [5]. We also note that very
similar expressions for the electric and magnetic currents in the lossy case may also lead (for
particular forms of £”) to such a strong sensitivity.

As an example, we consider the plane wave scattering on a slightly non-ideal cloak with the
magnetic permeability tensor components s = (R—a)/R, oo = R/(R—a), uz =7 ?(R—
a)/R, y= (b—a)/b, and dielectric permittivity tensor €;; = wii + o, o0 < 1. We assume that
the wave propagates in the y-direction with ky = 5.4, and the inner and outer radii of the cloak
area= 0.3 and b = 0.6, respectively. For o = 0 thisis an ideal cloak, and it corresponds to
the linear coordinate transformation R=a+ yr, 0 < r < b. In order to avoid the singularity we
place ametallic cylinder at R = a+ da, which conceals the inner cloak region but also distorts
scattering performance. Scattered fields are regarded as weak, so that the perturbation approach
can be used. We make an inverse coordinate transform R — r, so that the metal screen radius
transformsto ro = 6a/7, then calculate the effective current according to Eq. (9) and find the
scattering field pattern for both TE (E® = z°E) and TM (H? = z°H) waves [see Figs. 2(a,b)].

As aresult, for the TM waves the scattering from non-ideal cloak is negligible, and in the
shown scale it is represented by a point in the center of Fig. 2(b). If the truncation level r g is
reduced, the scattered radiation for TM waves is also reduced. On the contrary, the TE wave
scattering is significantly enhanced, e.g., it becomes 4 times larger for r o = 0.005b.

This approach allows estimating scattering losses in arbitrary nonideal cloaks (e.g. such
shown in Fig. 1), since the effective currents can be calculated using Eq. (9). Figure 3 shows
distributions of the field for ideal cloak, impedance-mismatched cloak and for a lossy cloak
calculated for TE waves using our approach. For TM waves, when electric field has just one
component parallel to the cylinder axis, scattering is much stronger, which again demonstrates
strong differencein the effect of the nonideal cloak on different polarizations.

In conclusion, we have employed the analytical results for the structure of electromagnetic
fieldsin the transformed space to analyze the problem of electromagnetic cloaking and derive a
simple criterion of the efficiency of nonideal cloaks. The analytical formulas can be useful for
other devices of the transformation optics such as beam splitters and energy concentrators.

The authors thank V.E. Semenov for valuable discussions. This work was supported by the
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