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Abstract: We analyze phase matching in metal-dielectric nonlinear
structures which support highly localized plasmon polariton modes. We
reveal that quadratic phase matching between the plasmon modes of
different symmetries becomes possible in planar waveguide geometries. We
discuss the example of a nonlinear LiNbO3 waveguide sandwiched between
two silver plates, and demonstrate that second-harmonic generation can be
achieved for interacting plasmonic modes.
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1. Introduction

The study of optical frequency conversion and second-harmonic generation is one of the key
topics of nonlinear optics with already demonstrated numerous applications. The frequency
doubling was studied in various systems and under many different conditions (for a general
overview see, e.g., Refs. [1, 2]). The main requirement for many of such parametric processes
is phase matching which should be satisfied either in bulk or waveguiding structures. Several
approaches to achieve efficient phase matching in crystals and waveguides have been suggested
and demonstrated, including the use of birefringence and quasi-phase matching. Many of such
methods have physical limitations, for example, birefringence often does not provide collinear
phase matching, whereas quasi-phase matching at nanoscales is limited by fabrication chal-
lenges. One of the recently discussed novel possibilities of phase matching is based on tailoring
the mode dispersion in nanoscale waveguides [3, 4]. In particular, it was shown that collinear
phase matching between TM and TE modes becomes possible for the subwavelength dimen-
sions of a slot waveguide [3] or a high-index guiding slab [4]. However, since a change of
polarization is implemented, the effective mode size can not be less than a half of the wave-
length.

Plasmonic waveguides offer many novel opportunities for subwavelength confinement and
other applications, including sensing, imaging, and signal processing. Optical waveguides
based on plasmon polaritons are at the core of research in nanophotonics, and different types
of metal-dielectric waveguides have been suggested theoretically and demonstrated experimen-
tally (see, e.g., Refs. [5–12] to cite a few). The study of nonlinear optics in plasmonic systems is
of a great interest with many potential applications. Until now, many studies have demonstrated
the excitation of plasmons through the second-order optical processes [13, 14].

This paper aims to apply a novel phase-matching scheme [3, 4] to the case of plasmonic
waveguiding and to study the possibility of plasmon-to-plasmon conversion in planar metal-
dielectric nonlinear waveguides. We demonstrate that phase matching condition between plas-
mons can be achieved in nanoscale plasmonic waveguides where the waveguide width becomes
smaller than a certain threshold value. We analyze the second-harmonic generation due to phase
matching and parametric conversion between the plasmonic modes of different symmetries
which cannot be achieved in dielectric waveguides.

2. Slot waveguides

For plasmonic waveguiding, two major planar geometries have been suggested: metal-
dielectric-metal structures (slot waveguide), and thin metallic films embedded into dielectric
media. Here, we discuss the case of a nonlinear plasmonic slot waveguide.

We consider an anisotropic dielectric slab with the thickness a sandwiched between two
semi-infinite metallic slabs, see Fig. 1(a). For this structure, we present the dielectric constant
in the form,

ε =

⎧
⎪⎪⎨

⎪⎪⎩

εm(ω), in metallic layers,⎛

⎝
εx 0 0
0 εy 0
0 0 εz

⎞

⎠ , in anisotropic dielectric slab.

We note that dielectric constant of metal varies with frequency, and it can be described by the
Drude-Lorentz model, εm(ω)� Σ[δi/(ω2−ω2

i −2γiω)], that agrees well with the experimental
data [5, 15] in wide frequency range when up to seven Lorentz poles are taken into account.
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Fig. 1. (a) Schematic of a slot waveguide of the width a. (b) Dispersion relation for a 100nm
thick lithium-niobate waveguide placed between two silver plates. Blue curve - symmetric
branch, red curve - antisymmetric branch. The inset shows a typical profile of the magnetic
field in the structure.

Earlier studies of plasmonic waveguides (see, e.g., Refs. [6–8]) demonstrated that in the
linear regime only TM waves can propagate in such structures in subwavelength regime, i.e.
the magnetic vector is in the interface plane, H = (0,Hy,0), see Fig. 1(a). Thus the electric
field is described by two components: E = (Ex,0,Ez), which in the nonlinear case leads to
complicated interaction between them. Considering that the structure is invariant in the y axis
and plasmons propagate in the slot along the z direction with the plasmon propagation constant
β , and applying the corresponding boundary conditions, we obtain [8]:

tanh
(κda

2

)
= −

⎧
⎨

⎩

(
εzκm
εmκd

)
, symmetric mode,

(
εmκd
εzκm

)
, antisymmetric mode,

(1)

where κd = [β 2(εz/εx)−εz]1/2 and κm = (β 2−εm)1/2. Note that while discussing the dispersion
relations and the possibility of phase-matching conditions in plasmonic structures we do not
take losses into account, however we will consider them below for calculating the resulting
conversion efficiency.

For small widths of the slot waveguide, the dispersion relation splits into two brunches: lower
(symmetric) branch and upper (antisymmetric) branch. For relatively large widths of the slot
waveguide, both branches merge into one, corresponding to single interface plasmon polariton
mode [8].

To be more specific, we consider silver for the metal (as the material extensively used for
plasmonic applications due to its relatively low losses), and lithium niobate LiNbO3 as a nonlin-
ear dielectric (also widely used for second-order optical parametric processes). Lithium niobate
is a uniaxial crystal with trigonal symmetry (having three nonzero components of the second-
order suspensibility tensor in our geometry) [16], and for nanoscale fabrications it is convenient
to orientate the crystalline axis along the propagation direction since this direction is mechani-
cally most stable [16]. The dielectric constants of LiNbO3 are εx = 5.52 and εz = 5.06.

In Fig. 1(b), we plot the linear dispersion relations (1) for slot waveguide with 100nm width.
The dispersion curves are presented by lower (symmetric) and upper (antisymmetric) branches.
Typical magnetic field profiles for both branches are presented in the inset to Fig. 1(b).

To reveal the possibility of plasmonic frequency conversion in such a structure, first we
should analyze the phase matching conditions. We calculate the plasmonic guide indices for
the fundamental frequency (FF) and second harmonic (SH) depending on the slot width, Fig. 2.
In Fig. 2(a) we plot the guide index vs. the slot width for free space FF wavelength λ0 =
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Fig. 2. Plasmonic guide index versus the slot width for different FF wavelengths: (a) λ0 =
840nm (εm = −23.4+ i1.628) and (b) λ0 = 1550nm (εm = −103.2+ i8.11). Notations ”s”
and ”a” stand for the symmetric and antisymmetric modes, respectively, and the indices ω
and 2ω correspond to the fundamental and second harmonics, respectively.

840nm. For this case, we observe that the exact phase matching between the symmetric and
antisymmetric modes becomes possible for a slot of 40nm. Moreover, in this case the phase
matching occurs between the forward symmetric and backward antisymmetric mode [17, 18].
For the fundamental frequency at λ0 = 1550nm, the linear phase matching occurs for the slot
width a � 320nm, and in this case both FF and SH are forward waves. However, the phase
matching is not a sufficient condition, and the mode interactions and overlaps should be studied
at the next step, especially when the parametric interaction involves the modes of different
symmetries.

Now we calculate the dependence of the waveguide thickness required for the exact phase
matching on the free-space wavelength of the fundamental wave, and plot it in Fig. 3(a). We
note that the dispersion characteristics can be tuned for slot waveguides having finite y dimen-
sions. Introducing the y dimension, we can obtain an extra degree of freedom to satisfy phase
matching conditions and reach optimum efficiency [3].

As the next step, we calculate the components of the nonlinear polarization responsible for
the second-harmonic generation. We assume that during the parametric interaction the surface
plasmons remain TM polarized, i.e E = (Ex,0,Ez), and thus the nonlinear polarization has two
components P = (Px,0,Pz). Since the susceptibility tensor of LiNbO3 has three nonzero com-
ponents d31, d33 and d15 in our geometry, the nonlinear polarization P at fundamental frequency
and second harmonic for planar plasmonic structure can be presented as follows [1]:

Pω
x = d15

[
(Eω

x )∗E2ω
z +(Eω

z )∗E2ω
x

]
, Pω

z = d31(Eω
x )∗E2ω

x +d33(Eω
z )∗E2ω

z ,

P2ω
x = d15Eω

x Eω
z , P2ω

z = 1
2

[
d31(Eω

x )2 +d33(Eω
z )2

]
.

(2)

Here the superscripts ω and 2ω correspond to the fundamental and second-harmonic waves.
To illustrate the interaction between different field components in Eq. (2), in Fig. 4 we show

the mode profiles at the fundamental frequency and second-harmonics, and study the effect of
the mode interaction. According to this diagram, for the symmetric FF mode, the electric field
component Eω

x is symmetric, and Eω
z is antisymmetric, whereas for the second-harmonic field

the symmetries are reversed, namely E2ω
x is antisymmetric, and E2ω

z is symmetric. Correspond-
ing polarization components are shown schematically in Fig. 4.

To describe the interaction of the mode at the fundamental frequency with the mode of the
second harmonics, we follow the approach suggested in Ref. [19], and derive the equations for
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Fig. 3. (a) Free-space wavelength vs the slot width in the case of the exact phase matching in
a plasmonic slot waveguide. (b) Efficiency of the second-harmonic generation as a function
of the propagation distance (or the device length).

the slowly varying mode amplitudes:

dA1

dz
= −α1A1 + iΓ1A∗

1A2eiΔβ z,

dA2

dz
= −α2A2 + iΓ2A2

1e−iΔβ z (3)

where Am are the amplitudes of FF and SH modes defined through the expression

Em = Am(z)[xE(m)
x0 (x)+ zE(m)

z0 (x)]eiβmz−imωt),

where E(m)
x0,z0 are the profiles of the linear modes in the guiding structure at the corresponding

frequencies, m = 1,2; Δβ = β2 −2β1 is the phase mismatch, and

αm = m

∫
ε ′′(mω)|E(m)

0 |2dx

2
∫

E(m)
x0 H(m)

y0 dx
,

Γm = 2πm

∫
[P(m)

x0 E(m)
x0 +P(m)

z0 E(m)
z0 ]dx

∫
E(m)

x0 H(m)
y0 dx

,

where ε ′′ is the imaginary part of the dielectric permittivity, and P(m)
0 are the corresponding

polarizations obtained by substituting linear modes into Eq. (2).
In a sharp contrast to dielectric waveguides, the conversion between the FF symmetric mode

and SH antisymmetric mode becomes possible for plasmonic waveguides, as shown in Fig. 4.
Within the undepleted pump approximation, when the amplitude at fundamental frequency is
not affected by nonlinearity, and also for the exact phase matching, Δβ = 0, we obtain

A1 = A1(0)exp(−α1z),

A2 =
iΓ2A1(0)2

(α2 −2α1)
[exp(−2α1z)− exp(−α2z)]

Now we introduce the normalized conversion efficiency as follows,

η =
Power(2ω)
Power(ω)

=
|A2|2

∫
E(2)

x0 H(2)
y0 dx

|A1|2
∫

E(1)
x0 H(1)

y0 dx
.
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Fig. 4. Structure of modes for the phase-matching in a plasmonic slot waveguide. The
upper row corresponds to the field components of a symmetric mode at the fundamental
frequency, lower row - an antisymmetric mode of the second-harmonic field.

Dependence of the conversion efficiency on the propagation distance (or the device length) in
the case of the exact phase matching is shown in Fig. 3(b). The FF pump power is 10 MW/m,
and the free-space wavelength is λ = 1550nm. The efficiency curve displays a characteristic
interplay between the SH generation and losses, which manifests itself a maximum of the con-
version efficiency at ∼15μm.

We note that equations similar to Eq. (3) can also be derived for the second-order nonlinear
processes with plasmons guided by a thin metallic film embedded into nonlinear dielectric
media. We have analyzed the phase-matching conditions for this case as well, and have found
that, in contrast to the slot waveguide, the lower branch of the dispersion curves describes
an antisymmetric mode, whereas the upper branch describes a symmetric mode [8]. We have
calculated the guiding indices for various wavelengths and revealed that the phase matching
becomes possible between an antisymmetric FF mode and a symmetric SH mode.

3. Conclusions

We have analyzed parametric processes in nonlinear plasmonic waveguides and demonstrated
that quadratic phase matching can be satisfied for the guided plasmonic modes of different
symmetries in nanoscale slot waveguides. Our analysis of the mode coupling has revealed that
phase-matched second-harmonic generation can be achieved for a wide range of frequencies
of the fundamental wave by an appropriate choice of the slot width. We believe that the cur-
rent technology would allow fabrication of such thin nanoscale nonlinear waveguides with the
subsequent applications to ultra-compact plasmonic devices based on the parametric processes.
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