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Dissipative solitons and antisolitons
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Abstract

Using the method of moments for dissipative optical solitons, we show that there are two disjoint sets of fixed points. These correspond to
stationary solitons of the complex cubic–quintic Ginzburg–Landau equation with concave and convex phase profiles respectively. Numerical
simulations confirm the predictions of the method of moments for the existence of two types of solutions which we call solitons and antisolitons.
Their characteristics are distinctly different.
© 2007 Elsevier B.V. All rights reserved.

PACS: 42.65.-k; 47.20.Ky; 47.25.Qv
The complex Ginzburg–Landau equation (CGLE) describes
a variety of phenomena in physics, chemistry and biology. The
diversity of systems to which this equation can be applied is
so large that this sphere of knowledge has been called “The
world of the Ginzburg–Landau equation” [1]. The huge number
of assorted solutions to this equation [1–4] is just the other side
of this world. In nonlinear dynamical systems, a variation of
the parameters of the system changes the types of solutions via
bifurcations. As there are at least five parameters in the CGL
equation, the number of solutions and bifurcations can really
be enormous. The extent of the solutions is remarkably large,
even if we restrict ourselves to self-localized solutions of the
CGLE, which belong to the class of “dissipative solitons” [5].

In this work, once again, we confirm that our knowledge of
dissipative solitons of the CGLE is far from being complete,
even in the case of one-dimensional solitons. We consider here
the simplest case of stationary 1-D solitons where each has
a plain bell-shaped profile with a single maximum. For this
simple case, we expect to have the property of soliton conti-
nuity, i.e. two stationary bell-shaped solitons that belong to two
different points in the parameter space would be continuously
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transformed into each other when changing the parameters of
the system. However, it turns out that this is not the case! There
are two distinctively different areas where two different types of
dissipative solitons exist. There is no way of continuously trans-
forming a soliton from one region into a soliton of the other
region.

The lack of general analytical solutions for the complex
cubic–quintic CGLE leads us to the necessity of using simple
approaches to explore the existence of certain class of solutions.
One of the low-dimensional approximations that can be used
for finding CGLE solitons is the method of moments, combined
with the use of simple trial functions. For plain bell-shaped soli-
tons, the use of a trial function with only three parameters has
proved to be a reasonably good approximation and it has been
justified in this particular case with the finding of two sepa-
rate branches of solitons. We confirm the existence of these two
branches using direct numerical simulations of the CGLE.

Our studies are based on an extended complex Ginzburg–
Landau equation, that includes cubic and quintic nonlinear
terms. This normalized propagation equation reads [6]:

iψz + D

2
ψtt + |ψ |2ψ

(1)= iδψ + iε|ψ |2ψ + iβψtt + iμ|ψ |4ψ − ν|ψ |4ψ,
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where ψ(z, t) is the normalized envelope of the field, z and t

are the propagation and temporal variables, respectively, D = 1
is the dispersion coefficient, ν is the coefficient of the quin-
tic nonlinearity, δ represents linear losses, ε is the nonlinear
gain coefficient, β stands for spectral filtering or gain disper-
sion, and μ characterizes the saturation of the nonlinear gain.

The method of moments [7,8] consists in the reduction of the
complete evolution problem with an infinite number degrees of
freedom, to the evolution of a finite set of pulse characteristics.
The problem of solving a partial differential equation is then re-
duced to solving a small set of ordinary differential equations.
For a localized solution with a single maximum, the main pulse
characteristics are the peak amplitude, the pulse width, the po-
sition of its center-of-mass and some phase chirp parameters.
For an arbitrary localized field, we can introduce two integrals,
namely the energy Q and momentum P

(2)Q =
∞∫

−∞
|ψ |2 dt, P = 1

2

∞∫
−∞

(
ψψ∗

t − ψ∗ψt

)
dt,

and higher-order generalized moments [7]:

I1 =
∞∫

−∞
t |ψ |2 dt, I2 =

∞∫
−∞

(t − t0)
2|ψ |2 dt,

(3)I3 =
∞∫

−∞
(t − t0)

(
ψ∗ψt − ψψ∗

t

)
dt,

where t0(z) = I1/Q. The number of higher-order generalized
momenta is infinite. To reduce the complexity of the model,
we can restrict ourselves to deal with a finite number of them.
Using the original equation (1), we can derive the evolution
equations for the generalized moments [7]:

dQ

dz
= i

∞∫
−∞

(
ψR∗ − ψ∗R

)
dt,

dP

dz
= −i

∞∫
−∞

(
ψtR

∗ + ψ∗
t R

)
dt,

dI1

dz
= iDP + i

∞∫
−∞

t
(
ψR∗ − ψ∗R

)
dt,

dI2

dz
= −iDI3 + i

∞∫
−∞

(t − t0)
2(ψR∗ − ψ∗R

)
dt,

dI3

dz
= 2P

dt0

dz
+ i

∞∫
−∞

(
2D|ψt |2 − γ |ψ |4)dt

+ 2i

∞∫
−∞

(t − t0)
(
ψtR

∗ + ψ∗
t R

)
dt

(4)+ i

∞∫ (
ψR∗ + ψ∗R

)
dt,
−∞
where R[ψ] = iδψ + iε|ψ |2ψ + iβψtt + iμ|ψ |4ψ − ν|ψ |4ψ
is the right-hand-side part of Eq. (1). Eqs. (4) are quite gen-
eral, i.e. they are valid for a large class of NLSE-type evolution
equations, including Eq. (1) with arbitrary coefficients. Up to
this point, the equations are exact if we use an exact solution of
(1) for ψ .

In our low-dimensional approximation, we shall describe the
pulse shape by using the total energy, Q, the width, f , and a
chirp factor, c, while taking the central position along the t axis
and soliton velocity to be zero. These 3 non-zero quantities can
give a good representation of the soliton profile. More specifi-
cally, we shall use a higher-order Gaussian-type pulse, viz.

ψ(z, t) = a(m)

√
Q(z)

f (z)

(5)× exp

(
− t2

f 2(z)
− t4

mf 4(z)
+ ic(z)t2 − iωz

)

as a trial function for the method of moments. Our studies have
shown that this function gives the best fit for the regions of exis-
tence of solitons. Here a(m) is a z independent constant, which
is chosen in such a way that the integrated intensity, i.e. the total
energy, is equal to Q. Hence

a(m) =
√

2e−m/8

m1/4
√

K1/4(m/4)
,

where K is a modified Bessel function of 2nd kind. The con-
stant m can be chosen arbitrarily, and we now set m = 1, so
a(m) = 0.975445.

Substituting (5) into the set of Eqs. (4), we get a dynami-
cal system for the variables Q, f and c. Since the function (5)
is symmetric in t , the integrals P and I1 are identically zero.
The three other equations comprise a dynamical system of third
order (see Refs. [9,10] for details):

Qz = Q

f 2

[
2δf 2 − 3.737β − 1.158βc2f 4 + 1.433εf Q

+ 1.1456μQ2],
fz = 1

f

[
2.142β + 2cf 2 − 0.8738βc2f 4 − 0.2896εf Q

− 0.3254μQ2],
cz = 1

f 4

[
6.453 − 2c2f 4 − 1.237f Q − 1.319νQ2

(6)− 19.62βf 2c
]
.

Stationary solutions of (6) are given by the soliton parame-
ters which are z independent, i.e. Q(z) = Q0, f (z) = f0 and
c(z) = c0. The latter case corresponds to a fixed point (FP) of
the dynamical system (6). Fixed points of this three-variable
dynamical system, together with the trial function (5), approx-
imate the stationary solitons of the CGLE. Standard lineariza-
tion techniques can be used to find the stability of these FPs.
Unstable FPs usually correspond to unstable solitons. Stable
FPs may correspond to stable solitons but this has to be con-
firmed by direct numerical simulations of the CGLE. This is
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Fig. 1. Soliton bifurcation diagram on the ε–μ plane. There are two regions of
stable fixed points that correspond to two quite different branches of solitons.
Here, δ = −0.1, ν = −0.08, β = 0.08.

Fig. 2. Soliton bifurcation diagram on the ε–ν plane. Here, μ = δ = −0.1,
β = 0.125.

related to the fact that an infinite-dimensional dynamical system
has more degrees of freedom to develop a soliton instability.

Solving the dynamical system (6) for various ε, μ and ν, we
constructed regions of stable and unstable fixed points in the
space of these three parameters of the CGLE. In order to keep
the presentation of the results reasonably simple, we keep D,
δ and β fixed. Two plots representing the regions of stable and
unstable FPs are shown in Figs. 1 and 2. Each plot is a two-
dimensional slice of the six-dimensional space of the equation
parameters. Each of these plots clearly shows the existence of
two separate regions of stable fixed points. A point from one re-
gion cannot be transformed into a point from the other region
with a continuous change of parameters. Thus, it appears that
these two regions correspond to two different types of solitons
of the CGLE. One of the branches has high energy, Q, while
the other one has low energy. Within the low-dimensional ap-
proximation (6), these FPs are stable in both regions. However,
the results for the stability of exact CGLE solitons may differ,
as we explained above.

Direct simulations of the CGLE (1) confirm our predictions
made using the simple model. We have numerically solved
Eq. (1) using a split-step Fourier method. Thus, the second-
order derivative term in t is solved in Fourier space. All other
linear and nonlinear terms in the equation are solved in real
space using a fourth-order Runge–Kutta method. Most of the
simulations presented in the Letter were carried out using a nu-
merical grid of 4096 points in t . We used various values of step
sizes along the spatial and temporal domains to check that the
Fig. 3. Regions of existence of the two types of solitons (gray) in ε–μ plane.
The two separate regions are quite distinct. Parameters are shown in the plot.
The hatched region corresponds to exploding solitons.

Fig. 4. Regions of existence of two types of solitons (gray) in (ε, ν) plane.
Parameters are shown in the plot. The hatched region corresponds to exploding
solitons.

results do not depend on the mesh intervals, thus avoiding any
numerical artifacts.

Fig. 3, numerically obtained, shows regions in the (μ,ε)
plane where stationary localized solutions can be found. As pre-
dicted by the simple model, there are two separate regions in the
parameter space where dissipative solitons exist. The gray re-
gions correspond to stable stationary solitons while the hatched
region corresponds to exploding solitons [11–13]. A compari-
son between Fig. 1 and Fig. 3 shows that there is not only a
qualitative agreement between them, but that they also coincide
reasonably well quantitatively. Our simple model, of course,
cannot describe the explosive instability that is related to many
degrees of freedom of the CGLE solitons [13]. Thus, explo-
sive solitons in a simple model will be in the area of stable
fixed points. If we take this into account, the correspondence
between the exact numerical results and the predictions of our
simple model is remarkably close.

Fig. 4 compiles the results of numerical simulations of the
CGLE for the plane of parameters (ν, ε). Again, gray regions
are for stable solitons while the hatched region is for explod-
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Fig. 5. Exact soliton profiles (solid lines) of two examples in the (a) upper and
(b) lower regions in Fig. 4. They are marked by thick black dots in Fig. 4.
Dashed lines show their corresponding phase profiles.

ing solitons. Comparing these results with those in Fig. 2 again
shows a good qualitative agreement.

We have numerically calculated the exact field amplitude
and phase profiles of the solutions for each region of existence
of stable solitons. Two illustrative examples are presented in
Fig. 5. The solid lines represent the field amplitude of the soli-
tons, while the dashed lines are their phase profiles. The upper
curves (a) in Fig. 5 correspond to the upper-right thick black
point in Fig. 3 and vice versa: the lower curves (b) in Fig. 5
correspond to the lower-left thick black point. There are some
obvious differences in the energies, widths and amplitudes of
the two solitons. However, the most visible qualitative differ-
ence is in the soliton chirp. The phase profiles clearly show that
the chirps in the two cases are of opposite sign. Due to this dif-
ference, the energy flows from the inside to the outside of the
soliton in the first case while it flows inwards in the second
case.

The results obtained from the reduced model (6) show that,
for Fig. 1, the upper right corner region has ω > 0 and mostly
c0 > 0 (and it is large in magnitude, i.e. there is a strong chirp
across the soliton), while the stable FP on the lower left region
has ω < 0 and c0 < 0 (and it is small in magnitude, so the soli-
ton is weakly chirped). As regards Fig. 2, we have c0 < 0 (and
ω < 0) in the lower right-hand corner region (low energy Q),
while we find c0 > 0 (and ω > 0) in the upper left corner region
(high energy Q). The same patterns for the chirp signs are ob-
tained in the two distinct regions in Figs. 3 and 4 when directly
solving the CGLE.
Fig. 6. Normalized density of energy generation P across the soliton (solid line)
and normalized energy flux j (dashed line) for the reduced model with m = 1.
If c0 > 0 then the curve shapes (P̂ and ĵ ) are as shown here (cf. Figs. 5(a) and
7(a)), so that energy is generated in the center. However, the curves are plainly
inverted if c0 < 0, and then the energy is dissipated in the center (cf. Figs. 5(b)
and 7(b)).

We can use the reduced model to directly relate the chirp
to the energy generation and flux. For stationary solutions, the
density of energy generation, P̂ (t) is related to the flux, ĵ (t),
through the following equation (see Section 6 of [5]):

(7)P̂ (t) = dĵ

dt
,

where

(8)ĵ = i

2

(
ψψ∗

t − ψtψ
∗).

Using the trial function (5) for arbitrary m, we find the normal-
ized flux

(9)j (t) = ĵ

2a2(m)cQ
= T exp

[
−2T 2

(
1 + T 2

m

)]
,

where T = t/f . Then the normalized energy generation is given
by

P(t) = P̂ f

2a2(m)cQ

(10)=
(

1 − 4T 2 − 8

m
T 4

)
exp

[
−2T 2

(
1 + T 2

m

)]
.

We have the condition that the total energy generation is zero:

(11)

∞∫
−∞

P(t) dt = 0.

This condition has to be satisfied for stationary solutions, and is
clearly valid for these trial functions.

We plot P and j in Fig. 6. It is clear that P̂ and ĵ change
sign with c, since they are proportional to c. Thus, the sign
of the chirp has an important physical implication. If c0 < 0
then P̂ > 0 in the wings and P̂ < 0 around the pulse center.
This means that energy is generated in the wings and flows to-
wards the middle, where it is dissipated. Conversely, if c0 > 0
then P̂ < 0 in the wings and P̂ > 0 around the pulse center,
so energy is generated in the middle and flows towards the
wings, where it is lost. This process, involving an internal flux
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Fig. 7. Energy generation, P , inside the two types of solitons shown in Fig. 5.
In (a) the energy is generated in the middle of the soliton and is dissipated in
the tails while in (b) it is generated in the tails and dissipated in the center.

of energy, produces the dynamic equilibrium which we call a
dissipative soliton.

The different signs of chirp and frequency offset (ω) appear-
ing for each region (high Q and low Q) mean that the phase
profile across the soliton is concave up in one case, and concave
down in the other. Hence we can designate them “solitons” and
“antisolitons” for convenience. The phase profile for the CGLE
solitons is not exactly parabolic, of course, but it is clear from
Figs. 5(a) and 5(b) that the effective chirp coefficients are op-
posite in sign, and that the chirp magnitude in Fig. 5(a) is much
greater than that in Fig. 5(b).

For comparison, we plot the distribution of energy P gener-
ated and dissipated inside of the CGLE soliton in Fig. 7. We can
see clearly that in the first case (a), the energy generation is pos-
itive in the middle of the soliton and negative in the wings while
in the second case (b), the energy is generated in the tails of
the soliton and dissipated in the middle. Thus, there is a funda-
mental qualitative difference between the two types of solitons.
One type cannot be transformed into the other with a contin-
uous change of parameters. To be specific, we call the solitons
with lower energy and c0 < 0 (ordinary) dissipative solitons and
the localized solutions of the upper branch (with c0 > 0) “dis-
sipative antisolitons”.

In conclusion, we have shown that there are two types of sta-
ble fixed points in the reduced system representing dissipative
solitons of the CGLE. The parameter regions of these solitons
are disjoint. We have shown that these two types of solitons
have opposite signs of the chirp parameter which governs the
direction of energy flow inside the soliton. The predictions of
the reduced approach have been confirmed by direct simulation
of the CGLE.
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